Abstract. In the present note a MAPLE subroutine computing Milnor and Tyurina numbers of an isolated algebraic hypersurface singularity is presented and described in detail.
Two basic invariants of a complex analytic complete intersection singularity p ∈ U are its Milnor number µ(p) and its Tyurina number τ (p). The former essentially "counts the number" of vanishing cycles in the intermediate cohomology of a nearby smoothing of U , which actually turns out to be the multiplicity of the singular point p ∈ U . The latter "counts the dimension" of the base space of a versal deformation of p ∈ U. After the Looijenga-Steenbrink Theorem [12] it is a well known fact that τ (p) ≤ µ(p).
The purpose of the present note is to present a short and quick MAPLE subroutine [1] allowing to compute those invariants for an isolated algebraic hypersurface singularity (i.h.s.). In fact, via Gröbner bases and associated monomial bases, their determination can be easily translated into an algebraic routine which, on the contrary, could be computationally very intricate to end up. A computer employment to perform their calculation is then necessary in most situations. Our hope is that such a free and public software, here presented, could be useful to all those are interesting, for any reason, in a concrete evaluation of those singularity's invariants. Moreover, among some further details, the presented routine produces also a monomial basis of the Kuranishi space parameterizing versal deformations of the given i.h.s., allowing to concretely write down these deformations even for more intricate cases.
As an application we will verify some Arnol'd's adjacency of simple singularities by computing the Tyurina number of deformations of simple threefold compound Du Val singularities (see subsection 4.2).
Milnor number of an isolated hypersurface singularity
From the topological point of view a good representative U of an isolated hypersurface singularity (i.h.s.) is the zero locus of a holomorphic map (1) f : C n+1 −→ C , n ≥ 0 admitting an isolated critical point in 0 ∈ C 4 . Set U T := f −1 (T ) where T is a small enough neighborhood of 0 ∈ C. Then we can assume that f is a submersion over U T \ {0}: therefore U = f −1 (0) = U 0 and U t is a local smoothing of U , for 0 = t ∈ T . . Then, for ε small enough, the intersection B ε := U ∩ D ε is homeomorphic to the cone Cn 0 (K) projecting K := U ∩ S 2n+1 ε , which is called the knot or link of the singularity 0 ∈ U.
Theorem-Definition 1.3 (Local homology type of the smoothing [13] , Theorems 5.11, 6.5, 7.2). Set U := U t for some 0 = t ∈ T . Then, for ε small enough, the intersection
(called the Milnor fibre of f ) has the homology type of a bouquet of n-dimensional spheres. In particular the n-th Betti number b n ( B ε ) (called the Milnor number m p of p) coincides with the multiplicity of the singular point 0 ∈ U ⊂ C n+1 as a solution to the following collection of equations
= 0 .
1.1. Milnor number from the algebraic point of view. Theorem 1.3 allows the following algebraic interpretation of the Milnor number. Let O 0 be the local ring of germs of holomorphic function of C n+1 at the origin, which is the localization of the polynomial ring O := C[x 1 , . . . , x n+1 ] at the maximal ideal m 0 := (x 1 , . . . , x n+1 ). By definition of holomorphic function and the identity principle we have that O 0 is isomorphic to the ring of convergent power series C{x 1 , . . . , x n+1 }. A germ of hypersurface singularity is defined as the Stein complex space
where O f,0 := O 0 /(f ) and f is the germ represented by the Laurent series expansion of the holomorphic function (1).
Definition 1.4 (Milnor number of an i.h.s, see e.g. [11] ). The Milnor number of the hypersurface singularity 0 ∈ U 0 is defined as the multiplicity of 0 as solution of the system of partials of f ([13] §7) which is
where dim C means "dimension as a C-vector space" and J f is the jacobian ideal
2. Tyurina number of an isolated hypersurface singularity 2.1. Deformations of complex spaces. Let X x −→ B be a flat, surjective map of complex spaces such that B is connected and there exists a special point 0 ∈ B whose fibre X = x −1 (0) may be singular. Then X is called a deformation family of X. If the fibre X b = x −1 (b) is smooth, for some b ∈ B, then X b is called a smoothing of X. Let Ω X be the sheaf of holomorphic differential forms on X and consider the Lichtenbaum-Schlessinger cotangent sheaves [10] 
Recall that X x −→ B is called a versal deformation family of X if for any deformation family (Y, X) y −→ (C, o) of X there exists a map of pointed complex spaces h : (U, o) → (B, 0), defined on a neighborhood o ∈ U ⊂ C, such that Y| U is the pull-back of X by h i.e.
Theorem 2.1 (Douady-Grauert-Palamodov [6] , [8] , [15] and [16] Theorems 5.4 and 5.6). Every compact complex space X has an effective versal deformation X x −→ B which is a proper map and a versal deformation of each of its fibers. Moreover the germ of analytic space (B, 0) (the Kuranishi space of X) is isomorphic to the germ of analytic space (q −1 (0), 0), where q :
X is a suitable holomorphic map (the obstruction map) such that q(0) = 0.
In particular if q ≡ 0 (e.g. when T 
) . Since U 0 is Stein, the obstruction map q in Theorem 2.1 is trivial and the Tyurina number τ (0) turns out to give the dimension of the Kuranishi space of U 0 .
Then, recalling (3), τ (0) ≤ µ(0). According with [18] , τ (0) = µ(0) if and only if f is the germ of a weighted homogeneous polynomial (w.h.p.).
3. The MAPLE subroutine 3.1. The algebraic computation via Gröbner basis. Let U 0 be the germ of i.h.s. defined in (2) assuming that f is a polynomial map. In the following the space T 1 U0 will be simply denoted by T 1 , forgetting the subscript U 0 . Formulas (3) and (7) reduce the computation of the Milnor and Tyurina numbers to the following dimension
where I ⊂ C[x 1 , . . . , x n+1 ] is either the jacobian ideal J f or the ideal (f ) + J f , respectively. Let us denote by HT (I) the ideal generated by higher monomials, with respect to a fixed term order, of elements in I (notation as in [5] §5). It is a well known fact that the following quotient C-vector spaces are isomorphic
Therefore their dimension has to be equal and that on the right is quite easier to compute. The point is then determining a Gröbner basis of I w.r.t. the fixed term order, which can be realized e.g. by the "Groebner Package" of MAPLE. The following subroutine is composed by several procedures: the former two allow to quickly obtain Milnor and Tyurina numbers. The further procedures give some more details as
• Gröbner bases of both the Jacobian ideal J f and the ideal I f = (f ) + J f , • monomial bases of both HT (J f ) and HT (I f )
• monomial bases of the quotient vector spaces in (8) both for I = J f and
In particular the latter bases give an alternative (but slower) method to compute Milnor and Tyurina numbers. Moreover, since the quotient vector space over
is the Kuranishi space of 0 ∈ U 0 , the knowledge a monomial basis of it gives explicitly the small deformations of U 0 .
The preambles:
> with(Groebner):
Then the list of procedures.
The following procedure computes the Milnor number using the command NumberOfSolutions inside the Groebner Package:
> MilnorNumber := proc (F, variables) r := nops(variables):
if IsZeroDimensional(<op(J)>,{op(variables)}) = false then error "it isn't an isolated singularity": else G := Basis(J, tdeg(op(variables))); NumberOfSolutions(<op(G)>, tdeg(op(variables))) end if end proc:
The following procedure computes the Tyurina number using the command NumberOfSolutions inside the Groebner Package:
> TyurinaNumber := proc (F, variables) r := nops(variables):
if IsZeroDimensional(<(op(K))>, {op(variables)}) = false then error "the system has positive dimension" else H := Basis(K, tdeg(op(variables))): NumberOfSolutions(<(op(H))>, tdeg(op(variables))) end if end proc:
The following procedure computes:
(1) the Gröbner basis of the Jacobian Ideal J f (MilnorGroebnerBasis), (2) the monomial basis of HT (J f ) (MilnorHT) (3) the monomial basis of the quotient space over HT (J f ) (MilnorBasis), whose cardinality gives the Milnor number again. The following procedure computes:
(1) the Gröbner basis of the ideal As an example of application of all the previous procedures consider the following:
> F := x^2+y^3+z^4+t^2+9*y^2+6*y*z^2;
If we enlarge the set of variables then clearly F = 0 does no more describe an isolated hypersurface singularity and the routine gives the following outputs: [17] , §0 and §2, and [4] , chapter III). Then a cDV point p is a germ of hypersurface singularity 0 ∈ U 0 := Spec(O f,0 ), where f is the polynomial (9) f (x, y, z, t) := x 2 + q(y, z) + t g(x, y, z, t) , such that g(x, y, z, t) is a generic element of the maximal ideal m 0 := (x, y, z, t) ⊂ C[x, y, z, t] and
In particular if 
if p is cE 6, 7, 8 . 
By putting weights (12) in the previous Milnor-Orlik formula we get the following Corollary 4.2. Le 0 ∈ U 0 be a w.h. cDV point of index n. Then
In particular for Arnol'd simple singularities we get n = τ (0) = µ(0), as can also be directly checked by the definition.
Application: Arnol'd adjacency of singularities. Let us consider the classes of Arnol'd simple threefold singularities
Recall that a class of singularities B is said adjacent to a class of singularities A (notation A ← B) if any singularity in B can be deformed to a singularity in A by a small deformation (see [3] §15.0). In the following we will apply the MAPLE subroutine 3.2 to verify the following Arnol'd adjacency diagram
by showing explicit relations with suitable stratifications of Kuranishi spaces.
(A
Proposition 2.3 gives
Given Λ = (λ 0 , . . . , λ n−1 ) ∈ T 1 , the associated deformation of U 0 is
A solution of the jacobian system of partial derivatives is then given by p Λ = (0, 0, z Λ , 0) with
Observe that imposing p Λ ∈ U Λ defines the following hypersurface in T
After translating z → z + z Λ , we get
Then by (15) and (14) the origin (and then p Λ ∈ U Λ ) is at least a node: in fact an application of the routine 3.2 to a generic deformation 1 f Λ gives, for the higher terms ideal HT (I),
and, for the Milnor and Tyurina numbers
p Λ ∈ U Λ turns out to be actually a worse singularity if and only if one or more of the following further conditions on Λ hold
In fact conditions (16) define a closed sub-scheme V ⊂ L composed by the union of n − 1 codimension 1 sub-schemes of L V = n k=2 V k where
Precisely p Λ turns out to be a A m (2 ≤ m ≤ n) simple hypersurface singularity if and only if Λ is the generic element of ( m k=2 V k ) ⊂ T 1 as follows by applying the routine 3.2 to a deformation f Λ : in fact
Applying the routine 3.2 to f Λ means: make a precise choice for n and coefficients ν k and observe that, for any n ≥ 1, the higher terms ideals HT (J f Λ ) and HT ((f Λ )+J f Λ ) do not depend on the non-vanishing coefficients ν k = 0.
All these facts respect the Arnol'd's adjacency diagram
in terms of the following stratification on T 1 by means of successive inclusions
A solution of the jacobian system of partial derivatives is then given by p Λ = (0, y Λ , z Λ , 0) with
After translating y → y + y Λ , z → z + z Λ , we get
Then by (18) and (17) the origin (and then p Λ ∈ U Λ ) turns out to be at least a node since, by applying 3.2,
giving µ(p Λ ) = n and τ (p Λ ) = 1. Define
and consider the associated codimension 1 sub-schemes of L
The computation of Tyurina number of p Λ by applying 3.2 in the origin for the polynomial
Observe, in particular, that the difference between A m and D m cases (4 ≤ m ≤ n) can't be distinguished by the Tyurina number, which is the same and equal to m, but by the coefficient ν n−1 = z Λ : if it vanishes we are in D m cases, otherwise we get A m cases.
All these facts respect the Arnol'd adjacency diagram
in terms of the following stratification on T 1 given by the twofold chain of successive inclusions
where
Then by (20) and (19) the origin (and then p Λ ∈ U Λ ) is at least a node since the application of 3.2 gives
By setting 
Notice that if Λ is the generic element of V 1 ∩ V 2 ∩ V 4 ∩ V ′ then p Λ may be a singular point of type A n , with n > 3: in fact the subvariety
is 1-dimensional and rational, admitting the following parameterization Λ = ( 2λ
Moreover U Λ has the unique singular point p Λ = (0, , sending p Λ to the origin, U Λ turns out to be the 1-parameter deformation of U 0 given by
Hence p Λ is of type A 5 . Alternatively the standard procedure of [4] §II.8 can be applied to the singular curve y 3 + z 4 + λ 2 y 2 + 2λyz 2 = 0, to get the normal form y 2 + z 6 = 0 and then, as above, for λ = 0, p Λ turns out to be a simple A 5 singularity.
All these relations respect the following Arnol'd's adjacency diagram
O O in terms of the stratification induced on T 1 by the following chains of inclusions
A solution of the jacobian system of partial derivates is then given by p Λ = (0, y Λ , z Λ , 0) with
Then by (22) and (21) the origin (and then p Λ ∈ Y Λ ) is at least a node, since 3.2 gives
and define the following codimension 1 sub-schemes of L By computing the Tyurina number of p Λ we get then
in terms of the stratification induced on T 1 by the following chains of inclusions
After translating y → y + y Λ , z → z + z Λ , we get f Λ (x, y + y Λ , z + z Λ , t) = f (x, y, z, t) + + y All these relations respect the following Arnol'd's adjacency diagram
